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Definition

A sequence (HQ{;,H{};) consisting of connected pairs is called a
strong sequence if Hg N Hy, = 0 whenever a < .




Theorem (Efimov, 1965)

Let x be a regular, uncountable cardinal number. In the space
DT a strong sequence

(Hi H Y, o < &

such that |sy| < @ and |v| < k for each a < k does not exists.




Let X be a set, and let Z C P(X) be a family of non-empty
subsets of X closed under finite intersections.

We say that a family € C £ is centered iff (.% # 0 for each
finite subfamily .# C 7.

Let S be a finite subfamily contained in 4 and H C 4. A pair
(S, H), will be called connected if SUH is centered.
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Let S be a finite subfamily contained in 4 and H C 4. A pair
(S, H), will be called connected if SUH is centered.

Definition

A sequence (Sy, Hy); ¢ < a consisting of connected pairs is
called a strong sequence if for all A, in the range ¢ <A < a, a
family S, U H, is not centered.




Theorem (Turzanski, 1992)

If for # C P(X) there exists a strong sequence

(Sp,Hy); ¢ < (k1) such that |Hy| < x for each ¢ < (x*)*, then
the family % contains a subfamily of cardinality A+ consisting of
pairwise disjoint sets.




Let (X, r) be a set with relation r. (We sometimes write X
instead of (X, r) in the situation when it is obvious which
relation r is being used).

Leta,b,c e X.

We say that a and b are compatible iff there exists ¢ such that

(a,c) e rand (b,c) er.

(We say that a, b have a bound).
A set Ac X is called a k- directed set iff every subset of X of
cardinality less than x has a bound.



Definition

Let (X,r) be a set with a relation r.

A sequence (Hy)y<qa, Where Hy C X, is called a x-strong
sequence if:

19 H, is x-directed for all ¢ < o

2° Hy U H, is not x-directed for all ¢ < y < a.




Definition

Let (X,r) be a set with a relation r.

A sequence (Hy)y<qa, Where Hy C X, is called a x-strong
sequence if:

19 H, is x-directed for all ¢ < o

2° Hy U H, is not x-directed for all ¢ < y < a.

Let x,u,t be regular cardinal numbers with x,u < t. If for a set
(X, r) of cardinality at least © there is a k-strong sequence

{Ho C X: a < 1} with |Hy| < 7, then there exists a strong
sequence {Ty: a < u} suchthat T, C Hy and | Ty| < kx, a < .




Let x,u,t be three cardinals such that x,u < t. Let (X,r),

|X| > 7 be a set with relation r. Then either X contains a set of
cardinality u which consists of pairwise incompatible elements
or X contains a k-directed subset of cardinality <.




We need to assume that <7 C P(X) is closed under taking x -
intersections i.e. for all &/’ C o/ such that &’ < x we have

N.<" € «/. We introduce below a generalization of a centered
family. In the literature, one can find a definition of a o-centered
family which says that it is a countable union of centered
families. However, we need a different definition of generalized
centered family. In order to avoid a confusion, we introduce the
following definition.
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N.<" € «/. We introduce below a generalization of a centered
family. In the literature, one can find a definition of a o-centered
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following definition.

Definition

Let x, T be cardinals with k < 7. A family of sets .7 C P(X), with
|<7| > 1, is called a k-vaulted family iff for each subfamily
% C of of cardinality less than x we have % # 0.
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Let x,u,t be cardinals with x,u < t. Let o C P(X) be a family
of sets with |.<7| > t closed under taking « - intersections. Then
o/ contains a subfamily of cardinality u that consists of pairwise
disjoint sets or < contains a x-vaulted family of cardinality <.

Proof.

Let o/ = {Ay: y< t} be a family as it is required in theorem.
Define a partial ordered set & = {y < 7: A, € &/} with the
following relation.

(v,B) € r< Ay C Ag.

If v, 8 are incompatible, then A,N Ag = 0. According to previous
theorem the proof is complete. N




Definition

A family {(A0 A1) & < a} of ordered pairs of subsets of X
such that Ag mAé =0 for & < o is called an independent family
(o—independent family) (of length «) if for each finite
(countable) set F C a and each function i: F — {0,1} we have
that ,

N{AS): g F} 0.




Definition

Let .7 = {{/5: B <Aq}: a < 1} be afamily of partitions of
infinite set S with each 1, > 2 and let x,A, 0 be cardinals. If for
any J € [t]<?% and for any f € My A4 the intersection

ﬂ{l(';(“): a € J} has cardinality at least «, then .7 is called

(6, x)-generalized independent family on S. Moreover, if A4 = A
forall a < 7, then .# is called a (6, x,1)-generalized
independent family on S.




We give below some notions of generalized independent
families:.

1. An independent family is (o, 1)—generalized independent
family.

2. A o-independent family is (®,1)-generalized independent
family.



Theorem (Elser, 2011)

Let,6,(A > 6). On every set with at least <% elements there

exists a (6,1,1)-generalized independent family of cardinality
2%,




We denote by S(X) the smallest cardinal x such that every
family of pairwise disjoint nonempty open sets has size less
than x.

Let x,t (x < t) be cardinals with x > S(X). Let &/ C P(X) be a
family of sets (|</| > t) closed under taking x-intersections.
Then there exists a (x,1)-generalized independent family of
cardinality <.




Definition

Let u, x be two cardinals with X¢ < k¥ < p and {Xi}ic, be a
family of topological spaces. Then LIi, X; denotes the k-box
product which is induced on the full cartesian product ;c, X; by
the canonical base

B = {ﬂpr : 1€ Py(u) and U is open in X},

iel

where P (u) :={lcu: |l <«}.

Theorem (Hu, 2006)

Let .7 be a (0,1)-generalized independent family on a set S
and let { Xy } o< be a family of topological spaces such that
d(Xa) < A forall a < ©. Then d(OF,_,(Xa)) < |S].




Corollary (JJ)

Letk,0,7 (x < 1) be cardinals with k > S(X) and let S be a set.
Let o7 C P(X) be a family of sets (|.</| > t) closed under taking
K-intersections and let { Xy } o<1 be a family of topological
spaces such that d(Xy) < Ay for all o« < ©. Then

d(Ogeo(Xa)) < [SI.




Definition

Let x,A, 0 be three cardinals. Let S be an infinite set of the
cardinality k. The cardinal i(6, k,A) is the smallest cardinal t
such that there are no (6,1,1)- generalized independent
families on S of size 7.

We introduce the following invariant

S =sup{o: there exists a k-strong sequence of size o }.

Let x,A,0 be three cardinals with k < 6. Let S be a set with
|S| > 6. Then §;5 <i(6,|S|,1).




Theorem (Hu, 2006)

Let S be a setand let A, 7,0 be three cardinals with 0 infinite.
Then the following are equivalent

1)t <i(6,|S|,1)

2) d(0§)(X«) < |S| holds for any family of topological spaces
{Xa}a<r with each d(Xy) < A.




Theorem (Hu, 2006)

Let S be a setand let A, 7,0 be three cardinals with 0 infinite.
Then the following are equivalent

1)t <i(6,|S|,1)

2) d(0§)(X«) < |S| holds for any family of topological spaces
{Xa}a<r with each d(Xy) < A.

Corollary (JJ)

Let S be a set and let A, 0 be three cardinals with 0 infinite.
Then the following are equivalent
1) 85/ <i(6,]S],4)

2) d(00,°(X4)) < |S| holds for any family of topological spaces
{Xa}a<sy with each d(Xy) < A.
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